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usf or rRwjuiarfiiX occorxho sxmbol? 
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IMUpiUc«MBt« in E f r»s directions 

Semal stresses in Cartesian coordinates 

Shearing stresses in Cartesian coordinates 
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exponents of tody fore# In x,y,s directions 
Complex potential functions In th© insert 
Complex potential functions in th# shell 
Boundary points 

Laplacl&n operator in two dimensions 
Angular velocity 

Glees reference mmbtat m p«* Z.S - » ^ 9 
Refers to equations ftem in the thesis 


This thesis deals with the problem of finding elastic 

field in a class of rotating bodies, the preblms that have 

bam attempted are mainly two*di®«a§ tonal. The rotating bodies 

are composite and contain a region which is either an Snhoaogenity 

or «n inclusion, For the lnbenogenity, the elastic constants of 

the enter material are different fren those of the Insert* In 

the mm of the Inclusion, the elastic properties are the sane as 
/ 

those ©f the outside material * the inclusion Is a misfit, within 
elastic limits, in the outer material « Because of the inertia 
forces and the inhomof unity or the inclusion, the stresses develop 
in the composite material* The purpose ©f this thesis is to 
Investigate some problems relating to rotating eoraposite materials 

the sane clastic problem a®y be seen from a different 
point of view, although they sm mathematically similar* Consider 
a finite elastic body containing a ’ml® in which either m in bemo* 
genity &r an inclusion is Inserted* In the cate of inhoaogenify, 
we suppose that it is of the stm® shape and sis® as the bole and 
no relative slipping tabes place* In the case of inclusion, its 
dimensions ere slightly larger than those of the hole in the 
material* This may be realised as follows* first the inclusion 
Is reduced to the else of the holef it is then put in the hole, 
welded and left free. In the absence of, the outside material, 



tlie inclusion wm M have regal ned Its original sist. Bet because 
@£ the presence ©f the outside materiel. , the stresses develop both 
is the Insert and outside materiel. The composite body* containing 
the Mhmmgmit® or the inclusion, is rotating about an sifts utilch 
Is perpendicular to the plane of the two-dlmas tonal bedy # uith a 
constant asiguler velocity. 






¥@t some problems, the classics 1 Fourier series method 
and the integro-ilfferoiitial equation method suffice* Other 
problems aay be more easily solved by the method of Hilbert problem* 
i'll these methods for the solution of the problems her# been used 
to get explicit solutions. 


In the first chapter, the basic equations of elastttlty 
are given very briefly s© as to make the thesis sel f*e©atai»id * 
these basic agnations for three-dlsensientl case are reduced to 
the case of tuo-dinaRSlonal plane problems, In this ease also, 
the equations of equilibrium and eonpatafeillty equations are 
»»-t»fB@fen€©us because of the presence of body force* I parti- 





nM»#yicaI vork is flvm to find thm actual stress®® ®t tho ©cjtiilf- 
feritai Snterfec# between tts# insert ana tha shall# 






functions, the lat®gr©*iiff«rtiitial equations are solved, "esse 
results connected with iatefrcH-differentlal agnations arc jiffs, 
She elastic field is calculates expltcltely with the help of 
couples potentials. 





fearaonfee* The final aol»ti©n Is obtained by interposing the two 
solutions. It happens that the solution satisfies all the conations 
of tli# elasticity and the appropriate boundary conditions* By the 
mtmmrne theorem, this eolation is the solution of the problem. 
Sttaerieal work is carried out to find, the stresses in the insert, 
the shell and at the eqisillbrlia boundary* 



CHAPTER l 


Basie Equations 

la classical theory ©f elasticity, the main problem Is 
to find state ©f stress and strain in a tody end#? certain 
prescribed ’boimdary conditions. These conditions relate t© cither 
i) the external tractions or it) the displscejaeBts or ill.) the 
tractions at some part of the hotly and displecesie^ts at the regain- 
ing part ©f the body. 

The state of stress as shown by A m Caeehy [lj at a point 

can he determined if the nine stress components P„. P__* P « !► t 

mm w yy # ss ¥ sijr w 

P X3 t P #z , P^® Pyjg are known; Py is the stress component ©n 
an defeat whose normal is in. the direction of i and the component 
of tho stress rector is in the ,1th direction* These stress compo- 
nents arc related by the stress equilibria^ editions 
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where (F x , P^, ? 8 ) are the oonponenta of the body force per wait 
v®Xvm@ and 
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fhooe will bt tenMd as straSa^i Is j&s«aa«iii relations. the strains 


art relate* to the stresses by tb* generalise* He©*®** law# & tti* 


ease of an Isotropic elastic Tso^y, Hooke’s 1m states that 
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Only s few problem la the fhree-dfeessiontl case have 
been solved . A geest simplification is possible for the two dines* 
aionel problemt* These are i) Plane strain problems and It) plane 
stress problems. In Plan® strain pr©bif» u sai * are functions 
of (x*y) ©aly and v « 0* This case arises in the study of defors*~ 
tiona of large cylindrical bodies acted ©n by the external forces 
§© distributed that the eospenents ©f deformation in the fltreeiioit 
©f the axis of the cylinder vanishes sni the remaining coapofjents 
do not vary alone the length of the cylinder* Since u « u(s,y) 
and v ** v(x t y) . it atone® beeves apparent frm (1*4) , that the 
non-vanishing strain components art e^* and seis**s®r© 
stress eanpsnsKts are P^* P^i P^ t P #8 * Bat ? m is related to 
P^* Pyy ty the relation 
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them 9 is the Poisson*® ratio. It follow that the eopillbrfna 
equations reduce to 
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Only © f«w probleiaa fa the ftiree-afceasienai ease bm 
bee© solved . A great aiapitfloatlon is poasifcl© for the tvo dimen- 
sional prohle»g. flits® are i) Plane strain problems ana it) plan© 
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utier® v> Is the Poi»soa*s ratio. It follows that the ©rmillhritai 
equations reduce to 
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where F x and Fy sr# functions of <x f y) only, the stares g~ strain 
relations beecne 
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If the 2»axls is taken in the direction of the axis of the cylinder* 
the boundary conditions cm the cursed surface reduce to 
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and the compatibility equations (1.6) refine® to only one equation t 
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when the strain exponents are replaced % the stress components, 
the above equation nay be written as 
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In this the si®, ye Shell attempt to «©Tee mainly the Plan# 
stress p*©lsl#©s* For ec^pleteness sake, bo wrap, w# mention that 
In l&e case of Flan# stress we suppose 

P v „ * ?■ * I* • 0 . 

xa ys sa 


This is appiieafcle to the case of thin pistes when the traettons 
art applied at tht eewed td|*t. This, tev«f«r, dees not simplify 
the pf©fcl«B as the non-itr© stres® mt sirs in components are fomet* 
ions of z also, fh# complexity' of tht pr©%l«n is reduced If the 
suggestion made fcy Filon [g] is followed. In this ease for thin 
pints*, ye find the average valne# of the displacements and stresses 


fi Cx*y) * 
v <x t y) i 


P, 


11 

/« Cx # y t a) da , 

*h 

A Cx f y f *)ds t 


g h 

l h 

v (x,y) * / ¥ Cx, y, a) «3s , 


13 * iV / p ij^® r* *>«*» 


% * it j£ p a (x i ** 


and Fp in each sero on the faces of thin 


y* mssme that P, 


flutes and Is zero throughout the thickness ©f ^b® plate* In 
this esse, m shewn by 1 lion, the eolation of the elastic problem 
is the sars# as in the case of Plane strain, with \ replaced by 
%. * 2 Xji /(\ ♦ 20 and g remaining unchanged end In place of 
the actual stresses and displacements, we find the »v<*rare stresses 
and displacements* This assumption is valid because In the ease of 
a thin plate, the stresses cannot vary v-ry greatly along the thick- 
floss* this state of stress has been tensed by Film, m g«ff»ralis«! 
Plane stress. 

The systematic use of the complex variable theory for the 
solution of PI on® strain problems was first proposed by ioloseeff ££] 
@s early m lfOP, This technique was folly exploited % & group of 
Hessian msthens tie tans inspired % the work of Muskhelishvlli {4} 1 n 
h«3*3«K* The work remained unknown outside C*S,S.ti, It was redis- 
covered by A.C* Stevenson [6J in 0«K« A detailed study ©f these 
problems is given in Muskhallahvlli’s hook \p] and in theoretical 
elasticity [7] by A*B, Creen and M* ?,©rna and others * 

In the abaonee of the body forces the solution . to the 
problems of the plan© theory of elasticity are considerably simpli- 
fied, however t the Ben-homogeneous problem cm always he reduced 
to the hmogeneous ease, by finding ©no of the seay particular into- 
erals. Tim., l.t P<» to# - k. my one sneh «t of fdnetlon. 

satisfying the equilibrium equations <!#?) and let the functions 
Fpjjft satisfy the equilibrium equation* in the homogeneous case, 
sanely 


t 


f^ng"" ▼ ||y ^ *» V 


»F. 

— i < 

lx 


>y 

ap 


ey 


< 1 . 11 ) 


>C« 


S©te that P 0 | ; will contain requisite unknowns and the stress 
P tt p » P*j^ + P*|* has to satisfy the given boundary conditions. It 
aay be emphasized that P # p are the actual stresses In the non heno- 
immm problea. The following remarks will be sad® regarding the 

be the given boundary tract lens 
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The stress®* <®,P ■ s f y> are related to ? w tr 
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where P^ -are given by Cl *12) and <a » x 9 y) are the actual 
tractions given at the boundary* 

Me shall be mainly dealing with the rotating bodies* In 
this case 9 the centrifugal fore® will be acting m6 Its components 
shall be 
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It ssay hi? si?*© tfc^t th* cK?u«tlons (144) sad the ffcUovSnf stresses 
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ntsiefe is obtained fro© (1*10) tsy ©sitting tlw terns containing F x 
F_ | subject to ths modified boundary conditions idiieh fa terns of 

* | PI |#| 

tractions shall be given by Pjjgr * |jy , »her# 
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1 b the absence ©f the tody forces, those equations Cl. 11) 
and <1,17) are solved *y the introduction ©f A try’s stress function 
V<s«y) such that 
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These satisfy the equation <1,113 and the equation <1.173 reduces to 
the biheraoftie ecu- ties* v*U ® 0, As Shot® to 14] , the solution of 
the Mhedmoctie elation depends upon finding ©at t vo analytic funct- 
ions <j>< 2 ) and ^<s) . The stresses and displacements arc related 
t© the analytic functions $<*} and ty<*> hy the equations 
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fills is m lapertant result and is uil to find ttt functions <p (*> 
and ( 2 ) vhen the tractions are glean on the heondary, 

M is shown tjy Maskhell shrill v Green and S#m® and ethers 
In their boohs, if the region ©cenpied % the body Is s la fly eonm* 
cted, then 4> (a) and \p (a) are siagle-viilned analytic functions 
©f z ^.nd they s&y be expanded by pevir series s 

0& 

6 (z) * T & z n and 4>Cs) * f b s a » 
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If tli© rep lea B la finitely multiply connected deaain 
bounded ly the exterior eemtoisr end by the a interior contours 

C K (K *l,t f ,,, t a) , than $ Cs) « 4>(a) need not be slagle-raiiied . 

In. that esse, if It Is asstmed that the stress and displaceaents are 
sinfi®~tralt3®4, than $tz) and \p (a) hare the foms 
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where 9 X^) is the reaaltaat vector of the asternal force# 

applied to the contour C K and * K it an arbitrary point In the 
staply connected ref ion R| bounded by # The functions £}^Ci) 
and vp 0 (s) are alngle»valned analytic functions In ft. 



If a is an Infinite region bounded by o n in pie closed 
contour £3, with the origin lying inside end if the stress ccnp©-* 
nento bounded to the neighbourhood of the point at infinity, 
then 

, x, 4 i x* 
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■sphere , 

external forces acting cm the tondfefjr, Th® functions 4 > @ <s> 9 4> e Cs) 
are single- valued and analytic in the region B toelud tog the point 
at infinity. The constants B f B% e 1 ar® related to the state of 
stress at infinity by 

2 B * B* * f^H , 2 ® 4 B 5 - PyyM f C * » . 

The constant e has nc effect m the state of stress and is related 
to the rigid body rotation a) by the formula 


lg> are the components of th® resultant vector 0* all 
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where 

oa*iia | < |f - §§ > ®b infinity. 

Is chapter § and subsequent chapters the few* of 4 (a) end 
\p(») under translation of the or if in are needed and the results 



perts Suing to tJMHS sre briefly stated here. Let the ori; in b# 
sfcifW tc a point (x 0 , y 0 ) without rotation of axes . Let Cx,y) 
end (sj, , y^> fee the eoordtnate* of the ewe point In the ©IS and 
new systems and let 

s * i 4 i jr , g l * x l * 1 % * 





Integration of Cl *24) end <1 .2?) with resect to * gives 


» 4^f - s 0 ) and f(*> « 4^(s - a 0 )* I 0 4>{ ( ® ** * 0 5 

Cl .26) 

where certain arbitrary constants which do not affect the stress 
distribution have been omitted. It is seen that the function tp (z) 
is sot Invariant for a translation of the origin, 1.*., the values 
for the old aeavtinates are not obtained by sissp&y replacing in Cs 1 ) 
the variable by Cs » a ) . In contrast, the function <[>(c) it 

Invariant. 

the pr©M@ss in two-dimensional elasticity are usually 
solved by three method® which may bo briefly termed a® 1) four ter 
aerioD method 2) Integra differential conation method 3) lathed cf 
lino-oy relationship as termed by '"uskbelishvHl or more pop&orly . 
known as Hilbert prohlera. At the appropriate stag®, we shall make 
reasrlt® for each of the methods. 

This chapter gives the basic results of the theory ©f 
elasticity, which shall he used subsequently. In the next chapter* 
the problem of a rotating disc with a eoneentric Insert is considered 
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Composite Rotating Pise 

3n this chapter, the prohleii of a rotating composite disc 
is considered. A circular nodinsi called the * insert * is cabedded 
jte ft circular disc, with a concentric bole. The Insert undergoes a 
spontaneous tesogeseous deformation without slipping, which in the 
absence of the shell would be a given prescribed displacement. The 
elastic properties and the densities ©f the iaeeft my he different 
froa those ©f the outer rdglen, the * shell** A uni fora nomal 
pressure P is applied at the teaadary ©f the shell* The ©enpesite 
disc rotates with a constant angular velocity. The problem is 
treated as oat of generalised Plane stress and the eonglax variable 
technics# It used to find the exact analytical solution. 

Consider a circular disc with a concentric tele of radius 
a ®n€ outer radius b. In this hole, a circular claatie Insert of 
radius a Is embedded. The Insert is rigidly attached to the shell, 
so that there is no relative slipping. The insert undergoes a spoil- 
taiieoua deformation which in the absence of the shell Is given by 
u » das , v * hy where & lies within the elastic limits. The composite 
disc Is rotating with a constant angular velocity, say co # about an 
axis through their emmsm centre perpendicular to the plane of the 
Use, let the clastic cc-'^ t::nts of tee insert be "*» -$* and those' 

©f the shell be 1, \) • The densities of tin insert and the shell 



£5j>n e * o ?68»ect !vciy « let tl!i outer boundary of the she! a 

he & 0 sa>3 the interfere bettr-en the »t»eU and «» loser* ha l . * 

constant oornal pressure F 1® spotted at the outer Iwauadnry -- c of 
the ecaponfte disc* 

A® stated In chapter 1, in the absence cT heiy forces 
tli® solution to any tee-diiaenslonal plana elasticity profclen depends 
upon the compleae functions $(*) and fCs) tdiieh fit® the stress 
ami. dlsplaeoeent field* If the tody is rotating* the centrlfugel 
fcroe i» x » $ co~x f Fy * ^ c^y eases Into play* The particular 
integrals pli^ t » 4r STf> fiirefl fcy a * iS> flld th * y s ^tisfy 

A Jr ## j | j | j ^ 

the equilibrium equations* these stresses I * * : X y $ p yy ~ a y 
he transformed to polar coordinates. PyJ? * 9 - r |@^ ^ the 

relations tl<j 
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Slallnrly the dlsplaeemts u y are related to u y * t 1 * die- 
plseescats along the r and 0 direct lens, by the relations 
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feting that are ghtn by ( 2 . * 16 ) y vc obtain 
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Sow m find t.ht itrtitc* Pgjp C« f P ® *»y) which satisfy the 
bene fa icons ©qu- tions (1*11) and (1*175 * In this cate, the boendary 
tractions P m <a » x f y) defined by tha aqua tions ( 1 *P) on € ar# 
replaced by the modified benndary traction# ( 1 * 1(0 f say (a * r,y) 

It this stage, it is aaeassary to distinguish between the 

outer boundary « e and the inner boundary i. of the eoaplete disc* The 

Inner boundary I* of the shell is the Interface between tha shall and 

1 2% 

the insert* At the mter boundary h e , the stresses Ijy give rise 
to tha tractions pfjj^ (e * x,y) where 
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where 9 is the angle between the outward normal m and tha XhucIc* 

(a\ ( 1 ) 

Th© modified boundary tractions ta * x,y> is related to f m * 

by p » 4 p**p where P^ are tha actual component# of tract- 
ions on the body* !** the complex fractions $l(*> , 4>-<s) five the 

(O') {p\ 

elastic field in the shell due to the tract ions , P 9 y m shall 
twr® 
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vher* m have replaced a by <T to (X *21) to distinguish a brnudary 

point from & point In the interior of U'e now substitute the 

values of P^p (a $ p * x*y) fro® Cl *16) into (8*8) and §«t * 

AX GO' sisco the disc is under & uni fora normal pressure P, m pet 

* - P cos @ f P' *-P sin t, be obtain P^ f P*®} from (X .1*) 

<11 

after substituting the values of and I£j # • These valises of 

P M 811,5 4 y "• rak,tltatffa 18 th# lnt ** ral (s * 4) 8na th * tot«rr^l 
Is evaluated* fee get 

\W} 4 tff ^T)4 '^(crl * t^C8 40, ^ <f * 
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( 8 * 5 ) 

TMs is the condition which is satisfies by 4$*® ) * ) at the 

outer boundary X> d * 



The value cf tv# * i > for the insert is related to tf|<sV 

aid I Py|^ «*“ i P^jp ) for th« shall Is related te ^> 8 (s) f %(?*)} . 

The values of CP^ 4 i P*J* ) for the intort and the shell are given 

by ' (2*1) * Substituting those values cf f 4 i ) end 

<r^ # i ?*|*) for tie insert end the shell in toms ©f [^(s) * *)j 

sad « m get 
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* ^gUf ) 4 <f $*(e* )* tpgtc ) • 2~|L * 2 (g *S))if # 

( 2 .?) 

As stated in the preceding paragraphi ** fear# to ®afee use 
of tti® physical fmt that there is m discontinuity ©f tb neteriel 
la the ociapofilte disc. This tallies that the sis of discontinuity 
In the displacement of the shell and the insert at L Q with appropriate 
tipi is e uni to the prescribed displacement of the insert* The 
dl aplaeonent of the shell at the boundary due to t t : 

4 i t£> « - "^ ■" , ^ , |» ^' r S s (».* 

and similarly for the insert® low, net® that 

i) Ujg 4 i ty * <U^ 4 | U^) 4 (tl^ S5 4 i ^ ) Ci.f) 
it) (UJJ+ 1 8y } # « (ig ♦ I ly )j •« Ms ♦ i Jf) 

«•§!»♦&» a* 0 Cf *1©> 


not; substitute to# values ♦ i n^] to Cf *t) , from (2*&) 

and also C * i u^ 2 * ) in (e.9) , in torms of Q , tj> ?M rot to* 
values of ( 4 i tiy) for the shell and the Insert separately 1 * 

After substituting then in (2*10) f w© obtain 

4 > ± (*> . <y 5J!T> * &-§r^ -ftTcV 6* 

• lip- a 2 (i * i) f2 )«r * ^(iT) -^4-^X <r ^(<r^ 

- , i3*|,,^ ip # fiir)- a 2 <i* if)<r . 

Cs.ll) 

We new proofed to obtain p>^<*) $ ^U)] and [4^ < 2 } , trcm 

< 2 . 8 * 2 . 7 * 2 . 11 ) . Mote that \$ ± <*) * ^Cz)] mi [ 4 S C*> * %(*] are 

analytic to the regions ©coupled by toe Insert and the shell respe- 
ctively* W* asy thereafter write 
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As is well known* the constants in £<$>(*) $ ^(sil do not affect the 
stresses* Substituting the shore forms to (2*8) and on substituting 
IT w b e 48 * It follows that 



+ (n + 8) fc®* 8 ♦ \ a n * c , in > X> t 

•»*- <“- £ > “iSf 1 * I s “ c ’ <niS) * 

Sjb * Sjl) * ^ • [ * I " " ' * « E b ? - PbJ , 

% * 0 . te«l£) 

Multiplying this aquation (8*7) by and adding to Cg .11) and 

m autatltuting for |c^{a) « H>jU)j % ^(z) * tgCij It may be &em 


| a a^ * a s U * ^ 2 ) * s^Cl^'P 



^ a® 48 ♦ 

® " 

| ^1|S. . S 8 i®, in &JLU 

(8*18) 

Mummying tba aquation (2 #75 with ^ and subtracting <2 #11) 

froa it, it say he directly a**» that 
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ftii*® 8 fe g * p» # b 8 |b*<i*s>)- ta- v*)} - id* ^n a ¥ 
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fb® cmrlm potentials ^(*) » %(*) • * X^C*) » %Cs)j »# than 

flveB If 


^(a) * A^s 9 
cf> s Cs) « a^s , 


4^(z) « 0 9 

b «« 

4^Cs) * ■“ 


mem Pj 9 a^, b^ are fiv»n by (£.18) » *b« stresses e^n b# ealeni®ted 
evory^bera by formula * l> (1 * ♦ 3P ( |^ tefP * r»e) 

given by (£•!) and P ( f* Cn t P * r f 6) my bt obtained frm the fermla®. 
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<2 .m 

d% /p) 

It® cV,mlnemBmts ere given ty u a * * *£ whtre 

is^- C e * ?,0 I *a given hy (S.g) and sty 1 st ©htafntd t rm 

% * 1 »4 S) ) > «*" [* #<*> - * W5> - hT7s)1 . 

Ira*?) 

After doi«c rj.1 t v c s imp! i flea t ions el ted abwt the aetoal stress*® 
to the shell, shall e*» out to he 

[ABE»« 2 a - >• Ft® {i*a^s>)4 4 ta- ^)*> a- pr >} 

♦ *^£, ia« s>*) ® 4 a- ^ )+ {(M a* n 

1£ _ C3 ; 

♦ fcjj l ft-AJ ] 4 s*a 2 <l» V) {a g (l4DHl« ^ )-r s Cg4i) >j. 
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[sill*?* 2 - b 8 >- fPb 8 l* ♦ %* ^b 4 (8* -tf) -2a 2 b 2 (X+ 1? ) 

- a 4 0-D)J. - {b f Cl4i))4 a S Cl-V)}{r e Cl4 8v*$ 

• a 2 <S* ■$•)]’ # l(b g » s 8 ) Cl- h>*) |V S (l4S D*l- a 2 (l* 

[s»b S a4-v)4 E*a 2 a-V ) 4 E<b 2 - ® 2 > (1- ^ 


1*b® Jaap la the loop stress at the equilibrium boundary mm ha 
easily seen to be 


© * co® 


a" Cl* V*> x 
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[eSSS*!^ 4 gpb 2 -[*•(!- V)- ill* 

•|b {a 8 a- T/‘)4b 2 (l4 NJ*)} - ** (b 8 <14^> 4 a 8 Cl-T?)jj 
4 jg» ^ a 4 <i4 ^) g }4 g® s fe s Cl-D 2 }- b 4 u*i) ) (S4-V )} 

4 ill- 1?*) {b 4 fS4^>- taWtte'p)* a 4 Cl- 

[l *fe fe ' <14 V ) *« *a 2 C1- V) -Kb 8 * a 2 ) *11- -i *)] 


Soam particular cases way b# stated* i) whao 6 * ® t m pot fh* ease 
of m tpJi©si©f®ai% la a shell* 11) when I* * I* l) 1 f* * 9 and 

5 » 0 f m pet the ease of a rotating solid «Siso # subjected to © 
normal pressor© at the cuter boundary* Ill) Who t* * 'i> * "V , 

o* e$, § ft- 0 ©ad ? * 0 f we get the esse of an overs tse Insert 
hmtm: the elastic properties at the shell. The actual stresses 
shall he the following In the case when the outer boundary la free 


fron tractions 
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Hotattef Oise With to teeeatrtc Circular Insert 

In this chapter, ths probl®® of a rotating disc with an 
©centric circular Insert is considered, At tbs cutset, it my Is® 
santl onsd that the elastic properties and ths density of the insert 
are the sans a® those of the shell. Thus tee results ©f the previous 
chapter • of a eoncenilc insert In a shell - cannot he deduced as a 
particular ease ©f those obtained in this chapter | because the 
problem done In chapter 2 has elastic properties different from those 
la the shell. In the absence of th® shell , the radius of tb® Insert 
would be slightly larger (within the elastic limits) than teat of 
the hoi®. Physically, one might consider the ease, teen the insert 
is Mispressed to tee sis® of the hole, inserted into it, and is teen 
welded at its rim to avoid slipping. Because of tee misfit in sis®, 
the stresses would develop. The composite disc it rotating about 
the axis, perpendicular to the plan® of the disc, through the centre 
of teat disc which has the hole. The problem is solved by finding 
two sets of complex potentials * one for the insert and the other 
for tee shell, The outer boundary of the disc is supposed to be 
free from tractions , 

Consider a circular disc of radius unity, with an aecentrla : 
hole of radius r*, The distance bet mm the centres is © where 


c £1 •r** L© generality is lost by supposing that the centre of the 
eccentric hole lies on the x*axis. We suppene tills tr he the case, 

Let the region occupied by the alee with the hole be referred to as 
’shell’ ®ri thet occupying the ref ion of the hole, as ‘insert’, let 
the centre of the matrix he € ant that of the hoi© C * f € Is tsk.en 
as tiie origin of the coordinate system. The boundary of the hole is 
denoted by L end the enter bound &ry of the shell by 1 • (Fig, l,u.32). 

Q 

The realm of the Insert In. its initial six® is rMl •* ft) (ft lies 
within the elastic limits) before It is inserted In the shell. The 
composite body Is rotating with a constant angular velocity go * 

Let the clastic constants ©f the disc he S, *P and the density he t. 

Let ^^(s) , <f> s (a)j be the tm eoaplex potentials giving the elastic 
field to the shell and In the insert for the hone* 

ietieoiis problem. 

Is noted in the first two eh® piers one has to solve the 
equation® (1*1) and ( 1 * 5 ) subject to the appropriate boundary eonil- 
tlrna* Because of the presence of the inertia forces, the particular 
intermls in this case arc ala© given % ( 1 * 16 , 1*16) « The notation 
and the procedure followed here is the same as in chapter f » Cue 
hag to solve the homogeneous problem with modified boundary condition# 
on \ and L. Let (o 9 p • x f y) end «* 2) , v^ be the stresses 

and the displacements in the tesogeneous problem* Ae was stated on 
is* 18 , ^<3) i safc-'iify the follow tie b^ir' ’sry cw/^r.n on 1,.« 

4 8 <<r) 4 «r"3TJ?cn ♦ f| 8 ^ 4 i f* 2) 


( 3 . 1 ) 



where <r Is any point ©n I @ • How, ; 

rf» * i f| 8) » i /{e * * <&>] * 

■ i /{<*„ * p m ) * 1(( W ' t ny >> ) 88 

y^esft is tho given stress vector ©n l & and l : m C$ * *§y) is 
given % <1,18* * Since the boundary L 0 is free fro m tractions 
g ^, * 0 <« * 2 E # y) • It is cos y te see that 

* i fl® * cs **o) <r 

and (3*1) becomes 

• « , £ : 

<^(cr) * r 4>|'l?"5 ♦ IpF) * *|p* CS ♦V)«y * <S*2) 

#%% #p\ 

If the actual Htsplecesents are (»|f) » thm n » « * n ^ 

v « 4 * « Considering th® Insert alone* the iisplftCfjoonts 

©n. the boundary L are given by j 

& $*($■) - <r v^Ccr) * • <*•«)♦ 1 Cv^-Bf)J*: 


^ Cl) „C1) 

Where ti » v 


jJ- - «* 2 * - SCx * c) 


Cl) 


♦ iCv - v 


are five© by the conation <1 *1S) • 


% )j 
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Considering. tho shell elone 


is 4> 0 t<r )- <r IFJfFVlpr} * {p - ® il} * Uw - v* 1 ^, (3.4) 

«« now Insert the ef -[a - a* 15 * i Cw* ^ l hJ frm (? .4) 

in <:-.?> to cot 

& ^cr )• TJfcH* jj- Mcr - c ) 

* u 4 s s ce'i- * r“5jcrr - j * (?.*■> 

Also ©» 1, the normal and shearing stresses are continuous 

4> t (<r ) ♦ cf ^Icr) ♦ «4^<0 r ) a %C®-) 4 <r^?r > 4 Vg^ * <3.«5 

tie bow tatro dnee the sapping function s * [l*J ™ heT * 

we ®ap the ref ten in the 3-plawt to a region in w* plane* The constant 
a is tmteewn as yet* let the X-axis meet the hoaniaiy of the hole 
©f the shell at Hie points P and q lfig.1* p*ss) with the absciss® 

X 1 % respectively, let - l<Xg<x^<l* and 

1 -4 7il 3U 4 f Cl • 3jf) Cl - x|) 

* 1 ♦ *8 

Hot© that a is real mi plater than 1. The napping function 
trsnsforss in S-plane t© a circle 1^ $ with centre at the origin 
of the same radius In the k~pianef It transforms 1 to e concentric 
circle ©f radius Ii 0 in the plane where \ > l and 




*1 


*» 


''ho annular region between l» said L is transformed to the region 

and l’ # The Ter ton inside h Is transform**! to the region out side 


i* aai the region outside l> e in the z»p Ian® foes to the regicm Itisli® 
1^ 4 b the W-plrno* the point at infinity in the fr*px ene corresponds 
to tlie point J to the 3*plaB©„ Wo bqv substitute the function 


B - SSi ta {4V z) * v* 5 } ® a {V** * n (i) } and esl1 th « 

traissfomefl functions j^Cw) » mA * ^$ 0 <w)J- * 



Sot© that the functions 
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Stoeo ^ so (w} , ^(w) an# functions ansljti© in the 

finite SNifiMi Mmnmm 1*^ ®ni L% Idiot© hart the foaa £(s] 
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iNn <3^, Xg) is tl»« resultant vector ©f th* fore#* acting m 

& * 

and ^Cv) y ^(v) ar© a tn^l ©-rained function* analytic in th« 

ring between ana L** Sine* no fbrees are actlnp on i£ » it can 


%• soon that 


^ 00 ^ 
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It any bo remarked tha t A 0 and l' c do not affect the stresses, 
ahanea one might taka #. * B # = 0, Kov 
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V* > t.<*» - j^V* * V* 1 


Cs.ll> 


Ifee functions {^^Cw) v fi Q fv)J are analytic In the infinite ref ion 
bounded by L* and hence 
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log ¥ 4 r*W 4 ^ Cw) 
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<3.12) 

t&ere the assumptiem it that the stresses are hotmdei at infinity. 

In expression <3.10 9 it nay be taken that <| «Xg *0, f ® F * ® ©, 
which fbllow fro® the boanitiiiess of the displacement at Infinity 
end tli® stresses being zero at Infinity, then from ($«13) va obtain 

<t=io (w) ■ ^lo <w) » t’l» w ■ ^1 o ( w) • 

lot® that t ty^Cid are ila|l«*Vftlwl analytic functions 

la the infinite ref ion bounded by the circle • Leasing the 
constant terns tihleh do not affect the stresses {^(v) t 4> to <w)} 
may be taken as 

m K> . m b_ 

<k<J* * * H| I 4LCw) * f -f . <s.i&> 

511 nel %T ao n*l %T 


* 3 f:lT 5 £' f,'T conditions (8»# and (8«®) « it is ©asy to fft 
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«*!*»© t * H **®* I® 3Ufc#tlt«lte th® Velttta of ^Ct) 1315 

A A 

twm (3*1»)' and (S # U) and also pot t * H e ® in IS. 14) * We thtn 
equate fee Ills® pewwa of 8. The following aqaatieiie era then 
obtained* 
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that all of tfern art real m£ art given hy 




1) 


•1 


a. 

4 


rrf-i) 


1 • Sa“ 


<*?- 

4 " mmm&mmmm 


4 (2* ac)/ 

(a • 1) 7 


2af g« 


(g*-^) <i - « a i 

? a - *.*) 


*i * Ti - ^ — *r * fr - -* - r - j7 


tc 


X* 2a 


1? (a - 1) 
© 


~1> 


# va * 


-jg-frl 

a (£»•!) 


u£l 


(2a 


I? 


e) (Hj - 1) 

JLmmmrnmm 


Cl ** in I 


#c >f . 1 

«* ^ ft(5+"V) r 

_ 1*»»* IfljiLfiL 


anfS 


a a" -1 Sj , (n i. 6) , 

B, 

3 n * ^rfeg * <"*•»■• 


- n - ♦ j agg g ®i * <niS) * 


A « * 


% f^ n-,g • i 

•u - -jib: + ~pr s i • !n *■ 2 > • 











a -1 L aCs-a) (af 5 ® 1) <&*•!) 



tC*) 


U®a 8 )a B * X ^ (a £ l^*l) »+a(WlJ 


aCCs 


? 4. -a- — ■ b« 

1 Rj (a 2 *l> 1 






For than insert 




m q* 

♦ *i j — ■ CS^-V )U • 




P . « 0 
w 

for the shell 

g 

P w * |F r*®U. * % ^Jp- Cl • r 2 ) 9 

P^ * ^ r ,2 (l ♦ )♦ ^pp- -P)]* f 

3P • ^ 



Pf® • ® 



These stresses are the seat as those given by (8*1?) , with b ® 1, 

numerical work for the calculation of stresses both in 
the Insert svM In the shell has been done on Computer CDC 3600. 

file Vision’s ratio was taken as 3/g and 6 * ,01. the value of 

e» , . 

f coy H was taken to be ,008. The points x^ and Sg where the tuner 

herniary of the shell cuts the X-axis were taken to he 0,? mi 0.4- 

% 

and the distant* between the centres was taken as e • Four oases 
tew© been discussed, with e » 0.60, 0.68 , 0.70 and 0.7F respecti- 
vely, the radius of the insert remains the sane, C.2. in each 
case# The normal, shearing stresses were found at the ogiil librium 
boundary. They are flvsn for the insert and the shell In Tables 
3.1, 3*8, 3.3, 3,4 on pages *-*, 4-* ,4£, 4-r respectively, Tts® 
first table is for © * 0.6, The first column gives the angular 
distance 6 in degree® with origin as 0* , the centre of the insert 
measured fro® ths X»tiii in anti-elockwls® direction, Th® second 
and third columns give the- stresses Fyg/fc, P^S, which are the 
saa® (as physically should fee) for the Insert and the shell. The 
fourth and fifth celmns give the hoop stress for the Insert and 
the shell at the equilibrium boundary respectively. In tables 
3*2, 3,3 and 3,4, the same restats arc given for c * 0,68, 0,70, 
0,78 respectively. 
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Consider the esse vh«n a reft©® occupied by the body is a 
circular ring boimfiefi by two concentric circles and with its centre 
as the origin of coordinate syst ssu let an eccentric circular 
region in the ring (region A y in Pig, 3 9 p.49) undergo a spontaneous 





FIG. 5 



Let there be a line I*. The line may be the union of 
either smooth ares or contours or both. This line L divides the 
region R under consideration into two parts. That part of the 
region ft which lies towards the left of L (looking in the anticlock- 
wise direction) is named B^ and the other as R g . Let t be any point 
on L f then the tooundary values of F(g) f as a approaches t from the 
left is denoted by F*(t) and the other by F*“Ct) . low let G(t) end 
X»( t) toe two functions which under suitable conditions [d] 9 satisfy 
the equation 

i*m * G(t) P (t) ♦ L(t) on L • (4*1) 

Hilbert problem is to find the sectionally hc&osorphte fmUflB 
PCs) 6 which satisfies the above condition (4.1) . If L(t) * 0, tbs 
problem is called hone* eneous . 

Me shall not need the solution of the problem for a general 
value of GCt) • be shall deal with the case when C(t) « 1* Hence 
the problem (4*1) reduces to the determination of a seetlcnally 
holotBorpbic function PCs) such that 

F + (t) - F*(t> m Ut) m L . 

On® at#»t call LCt) to be the discontinuity of PCs) ©a L . Using 
the well known theorems of rienelj , 3. [®] » a particular solution 
of the problem is atone® written as 

V*> - sir { flt * 


Th® solution F q(z) is a secfcicnally bolonorphic function vMeh 
vanlehes at infinity am? for which 

! o (t> • ! o (t > ■ «•<« on l . 

Sext consider the difference F(c) - T 0 (z) = f, (z) where F, (*) is 
m unknown solution. It follows that 


F ft) ** F (t) *0 on 1 *. 


Tims ©a the basic of a known property of functions ©f a cmplm 
variable [is) | the value s of F^Cs) ©a the left and the right of h 
continue each other analytically, therefor® if one prescribes for 
the function F*(a) suitable values on L ff this function will he 
fe©l©s»rfMe in the entire plane. Consequently', by the Liouville 
t&eorea P*{s> * constant In the entire plan®, and the genera! 
solution of the Hilbert proHeis is fives by F(s) « F (s) + € or 

W 


F(g) m 


X 


mt 


J 

i> * * 1 


it * C 


where C is any arbitrary constant. If it is required that ?{«*# * 0 t 
then one has to take C « ©, Further, if F(s) is a aectionally 
bolosorpMe function in seme region which does not coincide with the 
whole plane, then this function Kay always be represented in the 
fora of the sun of a function bolonorphic in ft and a Cauchy Integral. 



(4iS) 


wfseir® L is the line of discontinuity and l>(t) * F*(t) » on L 

aM F <*) is s function holoeorphic to R. These results are eneiifh 
t® derive the solution of the prcshlesi stated at the befitting? of 
thie chapter. ¥« cow restate the pmMm in mom explicit tens®. 


Consider a circular disc of radius R with two holes, one 




Is noted in the earlier chapters, the whole probles 
depends ©n Hading tvo sets ©f analytic functions -[^(s) , 
anfl -{^(a) , > g (» )j in the Insert and the shell respectively 
which satisfy all the relevant equation® of elasticity theory and 
th© prescribed houndary conditions. The boundary conditions are 
1) fch* boundaries and are free fron tractions 2) the redial 
®nd s’ ‘.ear lag stresses are continuous at the boundary b 3) the 
dleeentlautty between the displacement components of the shell end 
the insert are prescribed. 

Let CH| f Vj) denote the displacement eoa cements in the 
insert and (« 3> v # ) la the shell. For the sake of generality* the 
discontinuity for a passage through L, of the holoeorphic ^unction 
mp he defined by j 

», « «i * *l (t) » »»-*!' f* (t) 

where t * x ♦ Sy and gg(t) * g g Ct) are known functions ©ft. If 
f(t& is defined as in (1,80) gM the boundary tractions are prescribed 
©t t* 0 * it is seen that 

«8.t?T5 *-W) = «t) on L e . (4.8) 

| 

ftls© by the continuity of f^* P^ * we get 

*> 4 <«e t “^TB * <%(t>4 t IJTB4 Ipl on 1, 

C«,4) 

Since the dlscMtiaulty in the displacement eoapenente are prescribed: 
on l» \ 



k ^Ct). t ?|H- * k <£ g (t>- t TTt) 

♦ ^ -jf^Ct) ♦ 1 on I. (4.8) 

St follow from (4.4) , (4.8) thot 

^ t (t)- ^ # <t) » i r 2 (t)| on l. (4.6) 

^artke* taking tk« eemjagate ©capita fora (4.4) ani osin§ (4,8) « 
©nr ©Matins 

^|(t)* V" f Ct) * * j~§-*£ ♦ i i g (t)* t(*£(t) + i gg(t))^ on L, 

(4.7) 

ft follow frm (4*6) sni (4.7) that 


<*>{*» - <?„<•> ♦ ;-4 


j.. - fhC t) ♦ i |g{t) 

jfer> { -6 “ rr^- 


it 
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afttoro -j^<«) $ \i^} «?* functions holooorphfe in th# region ® 
( * fi|US g ) . for the sake of torovity, let ms wit# 

< w*> * nfe { at • 

. . gTET* i i^TB+t(gi<t)» l tilt)) 

V* * IT&a {- J "t ~ » 8 — < 




^(*) * •* Cs * d) for i in t 


* 0 


for * to § 


(t) « — =. — j- 

r # x 4- k 


for s in I|_ y 


4^6 

jflf 1 . iWWMhl; WT^Hf^ifipiiTT'iiutll iiiww^mm 

k * i (®-d) 


fcr * tn a. • 


( 4 *X®> 



FIs® boundary condition on L is 

© 

if> 0 (e ♦ *~^W * » ?„<t) 


vhmsm 


and 


t & (t) • f m (t) . <£{ t) - -iTO 

f (E, (t) . i /{(? nx - ) * KPpy* r'y if S3 . 

Her© P m (a a x # y) is the given stress vector on 1* and 

- Cii ° 

fe * **y) are given % Cl. IQ » The boundary condition on l» 

reduces to 


$©Ct) ♦ t f r-^— ° » <4 *11) 

Similarly on f the boundary condition reduces to 

V« ♦ f^rs*^ro = . V- * * r^r s- ^ - 4 ®i • 

t • 4 

C4.18) 

Tfe© functions {4> 0 <«) 9 \(»)} are hclmorphtc to the annular ring 
between !£ and I and bene© tins® functions asay be expanded in 

Mur*®®* 

4 l <*> • * k / 1 » * * b * n * <4as> 

Substituting tbe foras of /^(s) $ fnoss (4.13) in (4.11) end 

putting t • E# and be " respectively end equating the like powers 


®f ©t thr folio vlnr eqiuilloiii as*# ototainatf. 


a e ♦ g igB 2 4 i> 0 * o, 

• a #’" 8sS * * 


u Z r 4 a 8 * k ♦ 1 “ 


®U4g 


I^4g 


a 1_ to 


* "-(P4gj . <&* a s d n<3 - ._ , 

* 5** " k* l ~n*s * <n i 


D 


^ + <n*» a m2 ii n+6 -t ^s" ■ o , (» i. 1) 


Similarly frm (4*12) fcfee f cl lowing ®qu&tien® sm obtain**!* 


(4*14) 


■fe 4 g igb 8 4 b 0 « - + «1 . 
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(a^ 4 S^) to 4 f co 2 to s 


to_ 


a*,tr 4 ■ © . 

_ V * 




+ mS&S&aL 


®t Call > » 


*|p 4 (»48) i^g# 42 4 to^# * • gffig *^gjjp i <» & * > 


(4418) 



Solving them equations (4,14) and (4. IS) # th# unknown constants 
as*© obtains* m follows. 
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This ywraltt vbcn 03 ® 0 tallies with those stained hgr 
Gnpta, S* C. [IS] * 


( 4 . 1 ?) 


It ®®y at® in t® stan that patting T> ** C and d * 0* 


on© ©hiatal th® ease of a rotating eosapeslta disc eontatatag a 



eeneentrle ei rotter inclusion 
®r© the following. 


for th© insert 


<3+-S>) (H* - r®) + 


B*CS54V)« r fa a*3i>> 


fhes© results tally with those obtained in the second chapter 
(Zmim • 


numerical work for the calculation of stress®® tooth in 


; the radius of the coneentrie hole iso*l. 
trie hole iso.S, Th® distance between the 


centres Is d, Four esses have teen discussed, with d * 0,7 # C,f% 
O.0 # 1»C respectively. The nsraal and shear inf stresses end the 
t»>op stress for the insert and the shell at ©cuilibritia boundary 
were fbund and are riven in the tables. 


The first table 4,1 gives the value® ©f som ©f the 
©©efficients ©f z is the power series of <f> and ¥ « Hote that 
the coefficients decrease very fast. In the particular case the 
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go 


0 .COS 1 S 7 CS 
0,00041770 
0,00014284 
0*00004800 
0,0000141® 
0,00000466 
0,00000148 
0,00000048 
0,00600014 
0,00000004 
0,00000001 
0.00000000 
0.00000000 
0,00000000 
0,00000000 
0,00000000 
0 ,00000000 
0,00000000 
0,00000000 
0,00000000 


• 0,00008180 
- 0,00648184 
- 0,00016861 
- 0,00006896 
-O.OOOOEggg 
- 0 .00000818 
- 0,00000884 
- 0.00000098 
- 0,00000084 
- 0,00006011 
- 0,60000004 
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-0.00000000 
0,00000000 
0.00000000 
0,00000000 
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o. croc 0000 
0,00000000 
0,00000000 


-0,00006480 

-0,00000101 

-0,00000008 

0.00000006 
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6.00000000 
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0,00000000 

0,00000000 

0,00000000 

0,00000000 
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0,00000000 


- 0 .00608887 
-0 ,00660008 
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— 0 ,00000008 
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O# 000 OC 000 
0.00006060 
0 . 0060 C 000 
0 .00600600 
0,00006000 
0 ,00600000 
0,06066600 
0.00000000 
0,0006000© 
0,00000000 
0,00000000 
0 ,00006600 
0 ,00600000 
0 ,66066060 
0,00000000 
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no 

-0.0S84S 

0,00046 
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0.04788 

-0,08277 
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Shell 

Insert 

On Vm 
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hole 
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0.08020 
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0 .02X04 

0.04§22 

-0.08070 

-0.00184 
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-§,08207 

-0.00378 

0,04706 

-0.08204 

0 ,00826 

0,04881 

-0,08810 

0,08086 

0.04S8? 

-0 *68848 

0,02834 
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P rt Ck+D 

P e0 (k4l) 
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P ge Ck4l3 

ft' 

Insert 
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0 

•0*08857 

0*00000 

0.08375 

-0,02525 

0.08821 

30 

-0.02©88 

0*00038 

0.08297 

-0*08703 

0.01188 

60 

•0 ,08140 

0.00133 

0.08108 

-0.02897 

0,© O 8 i 7 

90 

•0.03150 

0,00188 

0.04885 

-0.03118 

0.00811 

3120 

•0,03087 

0.00183 

0.04734 

-0.03265 

0 *00970 

ISO 

•0*03038 

0*00082 

0.04578 

-0*08388 

0.01758 

inn 

•0*03013 

0.00000 

0.04554 

-0 ,08846 

0.02055 



§ -0 ,02867 0.00000 
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-0.0514© 
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0.00158 
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Shell 
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0 *05207 
0.05105 
0.0481® 
0 .04754 
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Insert 
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0 

-0,02418 

0.00000 

0.06082 

—0 ,01938 

0.02184 

30 

• O ' *08886 

0,00102 

0,08886 

-0.02174 
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*0 ,08880 

0.00288 

0.088 S 8 

-0.02816 

■ 0,00708 

m 

-0,02998 

8 ,80292 

0,0608? 

-0 .08988 

0 .08693 

120 

-0.0291 ft 

0,00886 

8 *047?4 


0.01101 

180 

•0 ,08867 

8. CC 11 S 

6 ,04678 

-0,03822 


1® 

-0,02889 

0*00000 

0,04668 

-0.0334 2 

0.01666 
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hetatlnf Ms© kith Tvso Eeeeatpie Circular Insert: 


@f to© so® ©f a bclomorphic function and a Caaeby integral, 
evolttnted along the line ©f discontinuity presided the region is 
finite* 

Consider a circular disc of radius B with two eccentric 

holes of radii Oj and a £ situated at distances $ % ®sA d f 

fwa toe centre C* which is taken as the origin (Pit, 4, p.70 . 

Ml the three centres are taken to he eolltoear m$ the xins 

iolnlfir then Is taken as the 1-axis and a lint perpendicular to it 

at 0 t to the plan# is taken as the Y-axis. iota that jdj < i - ® a 

and fdg| < B - «g * Also t he two Inserts So sot tench or overlap 

each otorr, Let the outer beuntory of the disc he L * 

© 

be imagine that there ere te© holts of radii c* and «g 
in the shell* m call their boundaries m and 1^. fe these 
holes* entertain of slightly larger radii (within elastic limit a) 
arc inserted to the manner described to chapter S and welded at the 
rim to avoid slipping* la the absence of the outor material, the 
spontaneous defamation Is characterised by u * ^tx-%) *v * & % J 
and u * SgCx-dg) , v » 6gg for the two inserts* the constants ^ 
mi lie within the elastic Halts* The composite disc Is 
rotating shout the axis through toe centre perpendicular to toe 
plane with a constant angular velocity, say co , Let toe regions 
occupied by the two inserts be &|j **d B |*» and that by to® shell 
lm ' 8 * To find the elastic field* v* have to find three sets of 
mmplm potentials ♦ {^1 » 2^} 




FIG A 




■^Cas) * flfst two fo? the inserts and the last fop 

the shell • In this ease, the line of discontinuity L Is the 
m,im of the cent mrs i x and L g . 

#»® noted in the previous chapter, if F(s) is the 
sect tonally tetoaetfSiie function to be foetid In the region S end 
if the discontinuity ©f FCi) he J»(t) along the Interface t,®», if 

J^Ct) * F^Ct) » &(t) on 1 , 

then 

f (•) ® F (2) ♦ dt 



%iw Isiiiiii* hoXc is Ftiltti n- 

** to ehtptor 4 , 58 ( 3 ) . 9# (,) * £(,) ^ 

V *) • V*> ♦ \(*> «h. N {*„(»> , >„(*>} faction, ^y^ 

in the vhel, Mrton „ <. % oH tt u V „* {*<„, vW } 
dofiwd as fallow®, J 


•fijx) j|- / a?« « i Eg(t)_ 


i - * 


«t 


%( m ) w %"^ 4 tCgjCt)*! gp(t)) 

^ t • s 

i©t© that f in tha praeont easit 


It 


«nl 


g x (® * 1 gg(t) * . 6 1 Ct - l x ) on % 


CfJTt) ♦ i SgTS * t i|Ct) ♦ i i f|(t) 5 


2 ^^ * ^ 1 %. ^ 
®® 0 t ** ®® iijg 


&L® 0 , 


t * I, * 


* I* 4 


t * dj 

.2 

*8 

t • lg 


©a 


on 



It ssay be easily imb that 

for a in i 

for s in H^g , 
for s in Eg • 

(Ba) 

for z is B ^i $ 

for a is 9 
ter z in # * 

(S. 2 ) 

the heonrlery condition that is to ha satisfied on the ester txmsdary 

ijQ 1 © 

0 o (t) ♦ t 5JH& 4 yTff} a f 0 (t) <15 .5) 

nhwt 

f 0 <« ■ f <£) («- <a«»- 1 - tjs , 

Her© 

r <e> (« - i /|fP ra - «£? >♦ « <V l ny ’j 4 * 

share P m (a * x*y) 1© the ftvtn stress fvitat on the hemdary 




* **$ givm % Cl .lii t is Hm Induced stress vector 
m fe01m<5 * r y **«««* 9 ® of the rotation of the body. In the 
present ease l* m (« « x f y) is sere since the enter boundary Is 
free ftm tractions and 8© 

on L e . 

the boundary eoadttien (B.s) cn l reduces to 

0 

<y«* . a$s. , «. ♦ i*£ i 

t*d^ t**dg ^ 

( 5 . 4 ) 


%*her© t is a point on i 0 , fht rtf ion R is napped ©a the unit 
circle If I<1 by the transformation % * R f , then the above 
boundary ■ condition (6.4) takes the fora 


^(tf )♦ <r <#>£ e <c ) * IJ 0 (ir) » t o^r®ct 






"§ *» plane by * napping function of the type % * wC? ) and to 
©Milts the boundary condition of the type 

&$(&)+ td&l yitr') s H({f ) . (8.6) 

$*(<r ) 


Soto that cf is the boundary point on the circle, v© nov noitiply 

fel’ o%Ty ^ If I < 1 ) sad integrate over the boundary of the 
unit circle /. 



/ MgL 1ZE1 ^.4 gL, / £El ir- 


/ P?«n r*y 


p «r * j 


* AC? ) » (8,7) 

where 

A($ ) • <*cr . 

be ©fetaits the following Integro-diff erent i&l equation In <f>C5> 

a 1 ) ( ^ ) ♦ Ac / 23 SQ. a«f ♦ <[© ) m A( p , ( 8 . 6)1 

1 *”* y k * ( <f ) tf" * 1? 

It contains an unimcwn constant ”tfnfo) which cats be deters in## by 
imposing the condition j> (e) * 0. Haying d#t#rain#i <p { f ) f the 
value ©f <f (p is determined by foraitsg the conjugate of (6*8) . 

<p(dr> « ren- pp) 

Multiplying th. »tev« .qwtlcn *y o^f * n '’ integrating over / 



m got 



whioto rlv«t C 5 ) , 

follow th# nbevp, mmtlmei proctor* for tho ocsisatios 
(B.f?) cm& obtain 



Sine® 4*3,©^ J) *® analytic in th« salt eircle, it Ms the power 

tor too expansion, 
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Substituting for f io Cf )* ^[ 0 (f) in th* ^nation (C4.0) f t?© 
obtain 



By eqnatlnc the like powre of i on Both eiaee, it asy Be eeslly 


toon that 
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for my point s te ^ , 

^ il(s) * 4 




't |x ^ * 







&rA for any point z is S 


s * 



the stresses and dispiseeBents for the hoooteneetts problem may be 
ovalmfttod at ■any point ns ter the f crania® 


f*®* 4 f*f m 4 Bt 4>H*> s 


(S) — j>(8) ^ a 0|210 


r M 


Iff 


i ?<*-.?<*] , 


4 i ) * 0**® | It <^>Cs) * 1 §H'£)~y(z) j 


Wb©r© 0<«) « <^ e te)4 fc(g) bM v Cs) • ^{*>4 ^(s) . f© i«t 
tbft aetoai stresses C« # P * M > end displacements one 
has to add i C®tP ® r§9l niireis fey (t *15 and (8 *8) f to 


p(2) «(8) 

r «E * % 



the oqtilllbrtun Interface one my easily see that 


* p rr * *rP* ***r© * f ri> * t *• ^n<») - ^* 8 (a)| 

8 *£*il^ * tV #)) 4 fJli Cs5) ~ ’V; *<*>] 


• m 


40; 


I ♦ 


1 . 4 g 

F + f*T 


ILa s 


(a * 


s 


@ 2l§ 


steef? s * ct^ » a© 49 «sa Ij » which fellies that * P*L and 

j M * * 

PjJ » *'jp0 as expected* Sleilerly It nay he proved that the 
noriaal and shearing stresses are continnov* at the other tiplll- 
feriwi boundary Lg. 

the Jmp in tmop stress at the equillbritra boundary 
is given by 







Berne particular cases f when there is only one Insert? or 
when the centre of m insert is at the centre of the enter disc* 

»«sy he evaluated by giving particular values to * 6 g %.» %* 
Siailerly, the effect ©f retail©©. sty be Reflected by taking co» 0. 
The results In eji these articular cases agree with all those which 
IIS 1 © obtained* 


CHAPTER 6 


Rotating Disc With An Eccentric Elliptic Insert 

In this chapter, the problem of m elliptic inclusion 
eccentrically situated In a rotating shell it considered. The 
inclusion undergoes a spontaneous homogeneous deformation, which 
Sm the absence ©f the shell Is prescribed* The comp© site disc 
it rotating about m axis through the centre of the disc perpend 1- 
culir to its plane. The complex potentials which glee the elastic 
field In the Insert and the shell suffer a discontinuity whenever 
they cross the common interface between the Cbell and the insert. 
Because of the misfit in site of the Insert and also because of 
rotation, stresses develop both in the insert and In the shell. 

The problca Is solved with the help of the Hilbert problem dis- 
cussed In the last chapter* Two sets of ccaplex potentials, on® 
for the Insert and another for the shell, are evaluated to find 
the elastic field everywhere* 

Consider a circular disc of radius R with an eccentric 
elliptic refion of swi-salor axis a and eeei-ainor axis b* The 
outer boundary of the shell is denoted by h Q end the timer boundary 
is denoted by 1* The centre 0, of the shell, is taken as the 
origin and the line joining 0 and the fronetrical centre of the 
ell iptic region is taken as the X-axis * The distance between the 



tm centres is d, < |a| < 1 » a) , lev this elliptic region, 
called the insert, in the absence of the shell would have utsfler- 
gen® c spontaneous homogeneous deformation defined by u * 6^(x«»d) , 
v * | % 6g lie within elastic limits, Because of the 

constraints of the outer rtf ion, the shell, the stresses develop 
both in the insert and In the shell. The composite disc is 
rotating about m mis through the origin 0 perpendicular to its 
plane, with a constant angular velocity a . 

let the region occupied by the insert be referred to as 
% end that of the shell by 1 # * The holoucrphic functions are 
distinguished in these regions by subscripts i and s respectively. 
It is stated in the last chapter that if F(s) is a holassorpMe 
function In the whole region 1 {* R^u R # ) and if the discontinuity 
of Ft*) on L is defined by hit) i.e„ if 


then 


F*{t) * rtt) » Mt) on X. 

F(s) » F*(«) ♦ I 

|# 


where t la any point m l and F*(s) is the function analytic in 
the whole region 8, evaluated fro® the boundary conditions. 


let (u^i be the dlspisewaents components of the 
insert and (u 9 , Vg) be those of the shell. At the ecratltbriu® 


Interface, if the displacement mmmmmts be denoted by Cu®, v # ) 


and (u| t fj)» then 
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where % is given by • 


5 m t * |^Ll g * -|*£- g f (t-i) 2 - (a 2 ~ b 8 > * 

*hl* follows from the feet that the equation of the ellipse of 
•eniexes © and b and centre <i f 0) is ( (*-«) Va 8 ) ♦(y 2 /b 2 ) « 1, 
Putting x • (t ♦ i )/2 mi y • Ct - 1 )/21 and solving for t , 
w® got the above expression. She sign before the sqnireroot 
bracket Is obtained If the consideration that at (a ♦ i 9 0) ®ni 
(t • d| 0) } t » I , Bor ebrevlation, we shall put 

e s * a • b K * 

It rrsay be easily seen that in the ease ©f the Insert 

<H»> * Ctj.etg)* * 4 ^ 5 l* s g^ * J+ff * 4 a 2 $% )J * 
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V,*« rraliaate $ 0 C«) 9 ^(z) fcy the sea* conditions at in chapter 6* 
The bewidary conditions satisfied on l Q Is 


4> 0 <« ♦ t jjrs) * * f 0 <« 

f e (t) • f <8) (t) - <*>.<« * t TFT B - qj71 




rm e m it) m f co^rt, where t is a point on L ( 

hel*®f©r© the bowiderr condition on l reduces to 


V<^-d) z - e 


4*2,®^) 4 & ^2©^) 4 ) • ^ ' jp" f 6) 8 bV • 
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¥her® (T Is a j>oint ©n the unit eirel® Y * The tategrcHtdlfferen* 
tUX mmUm toehnieut used ani stated in eUaptw 8 is «a#a to 
waltMto f l0 ( \ ) # it turns eat to b« that 




f h# function tp, < f ) is giv®n Isy 


utius*® / is tli® unit circle 9 W(f ) « SJ and 



;:4ne® WeT) an! $ ) **** ^ le ( f > eea ls« calculated from 

t^e equation <6 ,6) » Substituting ? * § is 4> le <f) t ^ le C 5) 

**• e» find ^ e («) , ^(z)j m fellows * 
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“" Ce ^ ' {‘V* > ' % ( *>) are known functions from 

(o..:J , (6.3) and (6,9, w substitute than back in ( 6 . 1 ) 
obtain the complex potentials for the insert as 

h (!s) ’“Si [<w« * *H 4 + <w < SI * ♦ £&> 
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TMs completely solve® the problem. Cne can for example, «va lust# 
th® stress and displacement field # f« the hsnegtneous pr&Hn, In 
tls® insert and In the shell ns tag these complex potentials and the 
fojwsla (1 *1®) • The actual stresses, for tbs non-homogeneous 
problin «®y b® obtained by aiding the stresses given by (1 JLIQ to 
those obtained In the homogeneous problem , 

It is however Instructive to find the normal and tangen- 
tial stresses at the equilibrium interface, for this, it is 
simpler to transfer the origin (d,0) , The potential frictions 
1% *) » fi (* *)J become 

£jU*> » (p (a* * 0 and 'f^Cs*) ♦ ©♦ d ^(s* * d> 

where ^^ («*) , art the potential functions referred to 

C#,C) as the origin. This follows fro* the formula (1*26) stated 
in chapter 1, 

It I® again simpler to write s * e eoshf where 
S » J> in . Wot® that T * censtsnt gives eonfooal ellipses of 
eemiaxes e mah$ , e sinhf and n » constant gives hyperbolas, 
let the elllptie boundary fee given by J ® ^ 

e cosh f 0 » a «*a e itefci 0 * * # 

Using the obvious notation | f to the normal stresses in the 

increasing directions of f * ^ respectively end ^ n to the 



eJw a* stress, it may be seen that 
P f? 4 P m 9 f m. * F ry * 

f rm - Tg * Si 9 %fl * e ct ' (Fyy - P„ ♦ Si ) , 

(6.U) 

where « is the eagle which the normal f * constant ashes with the 
X-axis. Similarly, if are the displacement eempenents 

in the 5 , ^ directions, then 

y i • #* te <«* ♦ i ^ > * 

Thus from (14$) and (641) 

* <2) ♦ * 4 He <^(s») , 

- p*®* ♦ si p f ^ * s# 2te ( S’ 4»f <»*> + V'{(* 9 ) > * 

% C 4 1 «« ) • t* te ( 1*^ - > • 

(642) 

In the ease of insert 

p(2) ^ t p(2) s a* (**♦«)♦ - ® 2te { i* <fc£ <«**•*> 

^ 7> * 

4 a <£ » (s*+d)4 *f*(2*4d)j 4 4)^Cg # 4d>4 ^|'(s' l| 4^) 

- e 2Sffi (%*<p£ <****>+ & PS (s*4(l)4n^(g*4d)j . 
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Similarly for tho shall 
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♦ $&*>• « 8te < V ♦- <**-»®+a 4>« (s'KO+W*'*#]. 

CS *14) 

f»ss ( 6 * 13 ) an 4 (ea 4 ) w© observe that the normal and shear fag 
stresses are mtlintMS or the efcilftbrlUB boundary* as it should fee. 

The par ticalar east of & ©oaposite circular its® with a 
concentric elliptic laser* can be derived fro® the earlier resalts 
by pitting d *0 Then, for the insert 
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These results elteek with tbos* obtained *y 3*C« Gupta la p4 


the particular eas® ©f a rotating circular iise with 
©©can trie circular insert asay be derived by taking % * 9 ® 

®nd takin g the limit b -* a • In the mm of tfee insert, va get 
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J>fcr * * M 


&+1 r*«i ? 




Or - da) L 


# 


If m pat co ® 0 tn 111* above equations ( 6 , 16 ) and ( 6 . 17 ) $ m fret 
the ease of an eccentric circular Inclusion lit a circular nedlwu 
fiscs® results agree with these given in [l^j , 


The stress functions for the prohle®! of a eoaposite 
rotating disc say he derived ? ram the enactions ( 6 , 16 ) and (6,175 
hy equating d to aero. Use stresses cj&celated in this case agree 
with those obtained in (2 a# * 



CHAPTSS ? 


Composite Rotating Sphere 

la tbit chapter, the problem of a rotating sphere 
eon tain lag a concentric lnhosogenlty is considered, The body 
fwet due to the matt of the body is neglected. The only body 
fore® supposed to be acting on the sphere is the inertia force. 

Til® elastic constants of the inhesogsuity are different fro® those 
of the shell. The outer boundary of the shell is free fro® tract- 
ions* The problem is solved with the help of spherical solid 
harmonies* 

Let the outer radius of the shell be b sad let it contain 
a adld concentric spherical inhomogenity of radius a C < b) , Thus 
on® might imagine that there is a shell of outer radius b and inner 
radius a* In which an Inhoaogenity of radius a is inserted , The 
outer surface of the inhoaogenity it welded to the Iraier surface 
of the shell to avoid slipping. The density of the inhomogenity is 
f * and that of the shell is f and the Lara*e constants for these 
material# are 1% fi* and X » p respectively. The common centre 0 
is ta ken a# the origin and any three mutually perpendicular lines 
are taken as the axes. The composite sphere is rotating about the 
t»«*8PEiif with a constant tngulrr velocity $ say co * Because the 
elastic constants of the composite sphere art different and since 


ttw# is an inertia fere®, stresses derelop both in t v <* Inhoiaofenlty 
vM iff. the shell. 

The tody fore® is the inertia force &M its eosposemts in 
z directions are given by ? * f co 2 x, r M co g y and F_ * 0. 
■fliis body fore® can be expressed as the gradient of a potential 
* * f 03 8 (Ay 2 ) which any b® written is 


* * | w V ♦ | W s {x g ♦ y 2 - g* g ) (7,1) 

where r 2 * x 2 ♦ y 2 ♦ s 2 . for later use in the chapter, m mt 

\ « | «V and % « ^gr (x 2 * / * 2s 2 ) (7.2) 


whence 



the first ten on the right hand side of C7.1) fires a 
purely radial force directed towards the centre of the sphere. 
The second tew in the expression for # In (7*1) is a homogeneous 


f un ction of % y, s of second degree and it satisfies the Laplaces 
equation. This is a spherics! solid hsraeni® of second degree and 
it would he denoted by %« At this stage, the prohlea nay he 
dirtied into two separate probleos * one with the feody force which 


is the gradient of the potential given by the first tern in (7,1) 
or by #* in (7*2) and the second with the body force which is (die 
frailest of the potential given by the second tera in (7*1) or by 




position* 

For the solution of both the prelaws* the wtufllbrius 
•qu&tlons* when written in terns of displacements, are acre useful. 
tmT the first problem , the sptierieel polar coordinates are used 
®nd the ®c|Uiliferi<M editions are also written in that coofitnat# 
systi®* For the iteortS p*©M®s, the Cartesian coordinates are 
used and It fa solrti using the spherical solid ha men leg. *s 
stated earlier* the solution ©f the present problem is obtained 
by super posing the solutions. 




following equations are obtained, 

^ M H * H 4- fF x . 0 t 

C\ * /«) §| ♦ j* V s * 4 ff S c , 

# y 


4 ^ H * $i v 8 *r 4 ff # * 0 

(1M 

wiser© ^ji* ^y* ^j) are the feotfy ferae components end © ® jf|j ♦ * 

Is terms of rector notation, the above equations nay be written as 

<\+ /*) «ra« © ♦ // v 8 Co # r f ir) 4 ftr^ p y , »c S 7.4) 




(x+3p) JZt - (t u> # sin e)J + ?F 0 * 0 , 


sjJt if * *M<{fcr (r“ e > - iy^} ♦ V e - C 

(7#B) 

¥ls©y® uijp, u)| f co^ ere th# components of station and A Is the 
cubical dilatation |ivu ly 

* ' r S Bin a { t? ( *\ sln 9)+ I? iT % ■*» ®> + IM »«>} * 


Th# rotational eo®p©n«ta co yf to # art ffeen ty 
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2r® sin ©■ 
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* Hb {Ir ( *v * I© *v} • 
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Here u^,, f are Hi# disiplfi©©!®tits In the directions of r ,© , 

The above' results <?.8) and (7.6) are sufficient to 
arrive a t th# solution ©f th# proM.es. As retaarlsed earlier in this 
chapter, m shall discuss two eases separately * one in which the 
potential Is given by «i * g A 2 and another In vhieh the poten- 
tial la given bjr * g » ^ f* 2 ♦ **• e,8) * 

,; . ' • . ; 

Cat# (D - | 

Mun the potential % * | ^ g * S t **>« *©*©« co®Poa#nts ' ! 

may b® written la spherical pri«# eoorfll aetes as 



that the boiy fere© is pnrely 
•mmt Uy shall be function of r 

■eaH^ zero* The last two ©wilt- 
ntieslly satisfied, fh# first 


* rsfsi- 
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% llooke'e law, the stresses* fh© corresponding stress eompononts 


*w» «v «• 
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y® IB X 4 S$jU 

i> 96 • V8X * M* ^t 1 - TT - a<8x * 8p) 

p ” * p 00 > p r 6 • 0 . p e* ” ® » P M * 0 • 

(7.10) 


1b the cast of tlit imhoaogeiiity, the constant F* becomes sere 
feeeasise, otherwise the dl (placement will tens to infinity as 
**•*€*• Homo® the solution for the lnhonogenlty may he taken as 




<X» 4 $ 0 *) 


<7*11) 


where m have replaced F by ©Bother constant, say Dg. The cerres- 
pondl&f stresses are 

P TT * V SX * 4 m ^"" ' "|t » 

? m * Dg<3x* 4^n * %* — * 

P #f * %l» p * * 0 • *»# * 0 * " 0 * 

(7.12) 

f© evaluate the constants in C 7 «P) and (7,11) , we apply the boundary 
©owfliiions* Seta that because of syw^etry for e^§ we need consider 
only the continuity of F ys , and t or this particular ease* 

1) since the outer boundary of the shell is free iron the tractions , 

therefore Pgp • © at r « b . 



M) 'c4ae« tS m laboaopi*fiity and the shell fora & continuous sodium, 
l %r is continuous ®t t * @ , 

®> '».hc reason given In 2) applies f©? the dtsglacesient also. 

Therefore, n, it continuous it ? s g, 

^ 1181 tSl ® equation (?M 1 for the condition 1} and (?ao> 1 » 
(7*18)2 for condition 2) aid C7.t) f (741) for condition 5) . t’e 
get three equation® In three unknowns Bw, D g and 1> S . we solve 
them end get 

^ [Is «’“ s » s ♦ fer *'«**'> 

(3X* ♦ %**♦ 40* & 2 <3X* ♦ 2^ , *8V i %*)}] 

{iCX**D 42Qu**^)| 4 b 3 (S\42^) (5X*^ »♦ 40 



<^g|^ | ^4^a®(iX* , *%f ♦ st^b® (§\ * 46^' * *40 (£%*20j- 
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* S^p |^ a s ♦ 8a E b s (3X 4 $&)-m § (B% 4 %)}] 

3 4^a® ^5<X***) 42 (*•«*)} 4 h S (3%*B0 

C748> 

The stresses end displacements may now he obtained by substituting 
the above values of %* % ani % i» <7.10) * (7.©) f (74t> and (7.11) 


wt-iiets fire the selutlea far the ease 1 . 

Cam Cil) 

Wh«n the potential q g * fp ( x 2 + y g - g* 2 ) y the hofly 
fore© crapenents are fir©® by 



In this east, It Is useful t© use the llmrter Stoke* s equations 
in Cartesian eooriinsteg t 

CX^i) || 4 ^ A ♦ f §j {-§• (AA** 2 */ * 0 f 

<X*^y) ♦ $i A * f |y (AA**^ 38 0 » 

cx-^u) ff * fi A ♦ f f^{jr c AA«AJ » © , 

17 . 14 ) 

As Is apparent, the last term makes the equations non-heooieneous . 
it this stage* It Is useful to us© * s for %* cAA®A in the 
last terms of the three, equations In C 7 . 14 ) # Then the equation® 
(7,14) say he written as 
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A particular solution ©? <7. IS) east b® ©hteineS by 

tsswlxii 

» (1) « §f , » <U * |f , w <J > . |f (7.16) 

«her© A li y«t to b* dctcffnlntd, Substituting <7.10) In <7.i?) 

It aajr br seen that 
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If©t© that the dispUt««mts C7.17) a na th« tractions (7.1^ 
obtained ®r© the particular solutions in the case of the *#11* 
fti© eorratpendiiic dltplaeoaents and tract ions for the iBhosofenity 
say' be obtained by simply changing x f f to x* # 7* respect- 

ively in (7*17) and C7.If|* be shall obtain the solution for th# 
fceaoraneoua equation! septrattly* for the shell mi for th# 
inbonogenity. he begin the cast for the shell* 

let u^ 9 i w* 2 * be a solution of th# homogeneous 
problem when th# last teres on the left hand, side of <?*lfl> are 

save t I*#** u^ 2 ^ | v^ • w*® satisfy th# equations 
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% * jlA# ||| ^ 
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* ft Y 
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(\ * §f"~ + fi vV 8> * 0 

<7*11$ 

iftwyit @ 9 4 # W# olriMdbfe f*n© #•%# 

solutions of the above equations and their ma also will b# the 
solution because of a well teow theorem that If and Ug are 
linearly independent solutions of a system of homogeneous equations * 
s© also is their sum [ifij • Consider a solution of (7*1®) defined 


by the equations 




( » <B> ) 1 p r* || * a «K 

< 7 . 20 ) 

* Is 8 tm known constant anil V is a spherical solid harmonic • 
for the case of & shell, let ns choose , 
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(7*24) 





ulieye !J Is ft tpharical solid haraonle , ve choose, in the esse of 

shell 

B. 

* • (\ ♦ -f > #g (7.25) 

r 

where and B g are constants* The displacements (7*24) satisfy 
tls© equations (7*19) ttntliiilf* Thus putting the value of tJ 
fyo© (7.25) in (7,24), the displacement components (u^)@t (▼g 8 * ) g 
and Cwj^)g ®y® i 
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(▼a )g • (B| ♦ -§ ) w* * y«| , 

S* * I* 
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(7*26) 


ki 0 take a solution of the ttoraoftneoos equations (7*12) as the sura 
of (7*25) and (7*26) . Hence a solution of the 
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Aeresa a surface r * constant in the shell f the tractions cm® 

out to he 
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'fliJ.a glees tti® solution for the case of the 1 MU 1 tdMn 
ccnatonts ^g* B^ t Bg tr#? y© t to be d^ ten toed, This will fee 
don© iftt^r* 

I’® now proceed to obtain s solution of the hoisegeneoos 
•({nations <7«lt) for the ease of the inhemogenlty. Consider the 
displacements defined by C7*2C) , Che® » tog 

t ■ e^fg C?,tt5 

¥fe©r® c A Is a constant, fee find that the displacements satisfy 
the equilthrtoia equations (?,X£) for the sane relue ©f a as given 
to (7.88) . In this case, tofesSiteitog the vain® of V frm <7,29) 
tot© (7,80) » v® get 
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fs stated, «!» dtspUceaecti defined by (7^4) satisfy the etioUl- 
brlura eouatlons Identically. S«*t, m choose another solution 

<«<%, C*g>> # , <«?’>* ®» (7 - l9) “ d ?Bt 





ubfflr© c 2 Is a constant and ^ is f i,, B by (7.2> t . n» dlapl.sewient 
oonponanta mm $% vm bp 
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(7 .SB) 

$ solution of the n©n«*h©a©f€fit©as problem In the ease of the 
ta3aam§*nlty Is obtained as the aua of (7*175 « (7, SO) and <?,Sf> • 

Thaa© solutions art 
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Yhooo gim tho tractions for th« imhemgmttg, Timm imrcAv© 

the eonstantg , c g » vhleh will bo totmlMMi la tho next ebapt*r, 

With tilts# results, w art in a position to obtain th* 
solution, vhiob Is d Isons ge& In it# ntst ebaptor. 
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Composite Rotating gg feere C Continued ) 

A * s##n In the lest chapter* we hstt been able to 
evaluate the tractions and displacements which Involve certain 
constants# These will fee evaluated in this chapter by ns Inf the 
appropriate boundary conditions* The boundary conditions my be 
stated ©s follows, 

1) • Pjp- » ? fJ art each aero at r * b v 

2) • Fjpg arc separately continuous at r » & s 

8) u f v f v are separately continuous at r * a , 

It 3 © happens that the condition f n * 0 at r * b gives the sa&e 
equations as are obtained when and P yg ernch it equal to ser© 
at r * b, Slnllarlyy the continuity of P m gives the §*3© sanations 
ms the continuil^ of and f m # Lastly the continuity of u at 
r » a gives the same equations as the continuity of v and v, 
apparently these conditions give 8 equations* But if w® ©quite 
the coefficients of «nd xfg or y-g or *«g separately to 

each of the above three aquations* the following six equations 

arc obtained# 
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Tfc,ae afflictions arc linear sisultanesns eoaetlon* In » x , * 8 , B g , 
e x , c s and say He directly wired. The raluee of these conatants 

«j*«t flvtn Mow* 
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Sabstitottoi these vetoes ©f ths eofistanti la the acproprfat* 
equations* the displacements and traefieas ©*© be obtained Ssi the 
tebcs©a##fiity and the shell* This gives the solution tor ease Cl*) . 

? #e now revert back to the solution of the oriftoal 
problm which Is actually arrived at by aiding the solutions 
obtained to ease Cl) end ease <ii> described on *r *« < ?8-H4- * 



chapter ?. The displacements to the inhesof ratty are obtained by 
adcllne the results In <?.lli f l7.m . Similarly the displacements 
in tli@ shell are obtained by adding the results obtained in (?♦?) 

m ® C7 * 27 > * Hmtte th * stress field is 5mown everywhere in the 
shell sncl inteiOfenity, 


It nay he mentioned that far each ©f the solutions that 
w® have obtained, we have satisfied the conditions of continuity 
mi the interface and the condition of tractions at free sorfsce at 
the boundary . Forta&stely» the enter boundary was free free 
tractions • The solution satisfies the Navier itoke*s e©u®tlcms 
with the appropriate beiy force components » Thus the suss of the 
displacenents obtained from ( 701 ) ,( 7 . 33 ) and (?.§} ,(7*2?) will 
satisfy the Savior State* a actuations and also the boundary eomii* 
tiens m stated above* The unifueness theorem in the theory ©f 




* * P rM Sto * * COS # . 

gives the acratl ana timr stress ©exponents . It my he 
veri f ‘iea that at the interfile r * p^, p^, F rf are contlmtoes • 

It is of aoae interest that the values of the racial 
Aisplateaent at the ecailihttes heimasrp and the enter "brnm^wef 
are given by 



where ttm values of the constants B g , ana «g arc 

®t¥e« fcf{®.7) , It ®«y he nwtrM that the dlsplaeeveivt Cn^) yjB ^ 
is atBlsni at 6 » 0 and bsxIoub it I * */2 f !•«•» at the eewtor 


©f ttm sphere. 



S©wt particular eases say be iircettjr derived* r er 
eEGSpl® by putting \* * t, * ft and f * * ®, we pet the ©fist of 
• homogeneous sphere rotating about an axis. The results 

efteelj with the tee m result jV] . Similarly the esse of a rotating 
shell may b# derived by putting \* * 0 and ** » 0. 

laser leal work for the calculation of stresses In the 
inlMaBogenlty mS in the shell has been done m Computer CISC mm . 
The Poisson's rati© for the laheuegealty end for the shell were 
©nets taken to ha 3/®. The outer radius ©f the sphere was 1,8 and 
the radius ©f the hole was taken to be 1. The value of t ^/F 
was 0 #CCf» and teat of f* £ /t was ©.006. The stresses were esilew- 
latud for different values of l*/t. Four cases have been discussed 
with E*/B e 3/i t S/S, 3/i| * respectively. The stresses ? p2 , 9 P^H « 
ere calculated at tee equilibrium boundary and they are 
tabulated • 

The table 8.1 Is for I*/* * 1/2. The first cells® In 
table 8*1 fives the angular distance © of the point from the origin 
measured fit® the 3-axis In the clockwise direction. The second, 
third and fourth colmnns give the values of the stresses P wt 
p * B12 these stresses are the ease for the labemogenlty and the 

shell as they should be. In the tables 8.2, 8.E, P.4 the name 
results are repeated for i*/l * 2/8, 3/2 $ 2 respectively. 


It ®«jr Is® seta Hit as tfct ratio ©f Young’s aodulos 
®f tfe© insert to «n of the shell, inorrastg ttm 1/2 to 2 $ 

til® stresses Pyg fi«e?«asc uhleh is obvious iotatlraly* 
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